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Abstract. The Ehrhart polynomial of an integral convex polytope counts 
the number of lattice points in dilates of the polytope. In [1], the authors 
conjectured that for any cyclic polytope with integral parameters, the Ehrhart 
polynomial of it is equal to its volume plus the Ehrhart polynomial of its lower 
envelope and proved the case when the dimension d = 2. In our article, we 
prove the conjecture for any dimension. 



1. Introduction 

For any integral convex polytope P, that is to say, a convex polytope whose 
vertices have integral coordinates, any positive integer m G N, we use i{P,m) to 
denote the number of lattice points in mP, where mP ~ {mx \ x G P} is a dilated 
polytope of P. In our paper, we will focus on a special class of polytopes, cyclic 
polytopes, which are defined in terms of the moment curve: 

Definition 1.1. The moment curve in M"^ is defined by 

( O 

t^ 

Ud:R^R'^,t^i^d{t)^ 

\t' J 

Let T ~ {<!,..., tn}< be a linear ordered set. Then the cyclic polytope Cd{T) = 
Cd{ti, . . . ,tn) is the convex hull conv{tv(ii), Wd(^2), • ■ • ,Vd{tn)} oi n > d distinct 
points Vd{ii)i^ < i < on the moment curve. 

The main theorem in our article is the one conjecurcd in [1, Conjecture 1.5]: 

Theorem 1.2. For any integral cyclic polytope Cd{T), 

i{Cd{T),m) = Yo\{mCd{T))+i{Cd-i{T),m). 

Hence, 

d d 

i{Cd{T),m) = ^ Volfe(mCfc(r)) = Volfc(Cfc(T))TO^ 

fc=0 fc=0 

where Volfc(mCfc(T)) is the volume of mCk{T) in k-dimensional space, and we let 
Volo(mCo(T)) = 1. 

One direct result of Theorem 1.2 is that i{Cd{T),m) is always a polynomial in m. 
This result was already shown by Eugene Ehrhart for any integral polytope in 1967. 
Thus, we call i{P, m) the Ehrhart polynomial of P when P is an integral polytope. 
There is much work on the coefficients of Ehrhart polynomials. For instance it's well 
known that the leading and second coefficients of i{P, m) are the normalized volume 
of P and one half of the normalized volume of the boundary of P. But there is no 
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known explicit method of describing all the coefficients of Ehrhart polynomials of 
general integral polytopes. However, because of some special properties that cyclic 
polytopes have, we are able to calculate the Ehrhart polynomial of cyclic polytopes 
in the way described in Theorem 1.2. 

In this paper, we use a standard triangulation decomposition of cyclic polytopes, 
and careful counting of lattice points to reduce Theorem 1.2 to the case n=d+l, 
(Theorem 2.9). Wc then prove Theorem 2.9 with the use of certain linear transfor- 
mations and decompositions of polytopes containing our cyclic polytopes. 

2. Statements and Proofs 

All polytopes we will consider arc fuU-dimcnsional. so for any convex polytope P, 
we use d to denote both the dimension of the ambient space R"^ and the dimension 
of P. Also, We use dP and I{P) to denote the boundary and the interior of P, 
respectively. 

For simplicity, for any region i? C M*^, we denote by C{R) := RnZ'^ the set of 
lattice points in R. 

Consider the projection tt : ^ M^^^ that forgets the last coordinate. In [1, 
Lemma 5.1], the authors showed that the inverse image under tt of a lattice point 
y £ Cd-i{T) n Z"^"^ is a line that intersects the boundary of Cd{T) at integral 
points. By a similar argument, it's easy to see that this is true when we replace the 
cyclic polytopes by their dilated polytopes. Note that 7r(mCd(T)) = mCd-i{T), 
so for any lattice point y in mCd-i{T) the inverse image under tt intersects the 
boundary at lattice points. 

Definition 2.1. For any x in a real space, let l{x) denote the last coordinate of x. 

For any polytope P C M'' and any point y e R''^^, let p{y, P) ~ TT^^{y) n P be 
the intersection of P with the inverse image of y under tt. Let p{y, P) and n(y, P) 
be the point in /o(y, P) with the largest and smallest last coordinate, respectively. 
If p{y,P) is the empty set, i.e., y ^ 7r(P), then let p{y,P) and n{y,P) be empty 
sets as well. Clearly, p{y, P) and P) arc on the boundary of P. Also, we let 
p+{y, P) = p{y, P) \ n{y, P), and for any S cW'-\ p+{S, P) = Uy^sP+iv, P)- 

Define PB{P) = [Jy^-^(p)P{yiP) to be the positive boundary of P; NB{P) = 
Uy(ZTr{p)n{y, P) to be the negative boundary of P and ^{P) = P \ NB{P) = 
p^(7r(P), P) = ^yeTr{p)P~^iy-i P) to be the nonnegative part of P. 

For any facet F of P, if F has an interior point in the positive boundary of P, 
(it's easy to see that F C PB{P)) then we call F a positive facet of P and define 
the sign of F as +1 : sign(P) = +1. Similarly, we can define the negative facets of 
P with associated sign —1. 

It's not hard to see that tt induces a bijcction of lattice points between NB{mCd{T)) 
and 7r(mC(j(P)) ~ mCd-i{T). Hence, Theorem 1.2 is equivalent to the following 
Proposition: 

Proposition 2.2. Yo\{mCd{T)) = \C{n{mCd{T)))\. 

From now on, we will consider any polytopes or sets as multisets which allow 
negative multiplicities. We can consider any element of a multiset as a pair (x,m), 
where m is the multiplicity of clement x. Then for any multisets Mi,M2 and any 
integers m, n and i, we define the following operators: 

(i) Scalar product: iMi — i ■ Mi — {(x,im) \ (x,m) G Mi}. 
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(ii) Addition: Mi © M2 = {{x,m + n) \ {x, m) £ A/i, (cc, n) G A/2}. 

(iii) Subtraction: Mi e A/2 = Mi © ((-1) • A/2). 
It's clear that the foUowing holds: 

Lemma 2.3. 

a) V/?i, . . . , /?fe C Vzi, . . . , ifc G Z : OB^^^ ^,/?,) = ©''^i ijC{Rj). 

b) i^or any polytope P C W^, VRi, . . . , Rk C M''-\ Vii, . . . , G Z : 

(fc \ fc 

Let P be a convex polytope. For any y an interior point of 7r(P), since tt is 
a continous open map, the inverse image of y contains an interior point of P. 
Thus TT~^{y) intersects the boundary of P exactly twice; for any y a boundary 
point of 7r(P). Again because tt is an open map, we have that p{y,P) C dP, so 
p{y, P) — n^^{y) fl dP is either one point or a line segment. We hope that p{y, P) 
always has only one point, so we define the following polytopes and discuss several 
properties of them. 

Definition 2.4. We call a convex polytope P a nice polytope with respect to tt 
if for any y G dTT{P), \p{y,P)\ = 1 and for any lattice point y G 7r(P), n^^{y) 
intersects dP at lattice points. 

Lemma 2.5. A nice polytope P has the following properties: 

(i) For any y G I{tt{P)), 7T~^{y) fl dP = {p{y,P),n{y,P)}. In particular, if y 
is a lattice point, then p{y, P) and n{y, P) are each lattice points. 

(ii) For any y G dTT{P), ■jT~^{y) Ci dP = p{y,P) = p{y,P) ~ n{y,P), so 
p~^{y,P) = 0. In particular, when y is a lattice point, p{y,P) is a lattice 
point as well. 

(iii) C and p+ commute: for any R C M'^"\ C{p+ [R, P)) = p+{C{R),P). 

(iv) Let R be a region containing I{tt{P)). Then 

f7(P) = p+(P,P) = 0p+(y,P). 

ye-R 

Moreover, 

\CmP))\= l{p{y,P))-l{n{y,P)). 

(By convention, if y ^ '^{P): we let l{p{y,P)) ~ l{n{y,P)) = 0.) 

(v) If P is decomposed into nice polytopes PiU- • -UPfc, then fi(P) = 0*1^ ^{Pt), 

so /:(i](p)) = eti/:(f^(p.)). 

(vi) The set of facets of P are partitioned into the set of positive facets and the 
set of negative facets, i.e., every facet is either positive or negative but not 
both. 

Proof. The first three and last properties are immediately true. And the fourth 
one follows directly from the second one. The fifth property can be checked by 
considering the definition of fi. □ 

By using these properties, we are able to give the following proposition about a 
nice convex polytope: 
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Proposition 2.6. Let P he a nice convex polytope with respect to tt such ■n{P) is 
also nice, and all the points in P have nonnegative last coordinate. Suppose further 
that for any facet F of P, tt{F) is a nice polytope with respect to n. Then 

^(P)^ sign(i^)p+(f7(7r(F)),conv(F,^(F))), 
F: a facet of P 

where cohy{F,tt(F)) denotes the convex hull of the set FU{{y',Oy \ y S tt{F)}, i.e. 
the region between F and its projection onto the hyperplane {(xi, . . . , Xd)' | Xd = 0}. 
(Note, for any vector v, we use v' to denote its transpose. So for a vertical vector 
y, (j/',0)' is just the vector obtained from y by attaching a zero to the bottom ofy.) 

Proof. A special case of Lemma 2.5/(iv) is wlien R = Q,{tt{P)), so we liave 

n{p)^p+{n{T:{p)),p)^ p+{y,P). 

yeO(7r(P)) 

Now for any points a and 6, we use (a, 6] to denote tlic half-open line seg- 
ment between a(excluding) and ^(including). Then, p^{y, P) — {n{y, P),p{y, P)] = 
(((y', 0)',p(y, P)] e ((y', 0)', n(y, P)]). Therefore, 

^{P)= (((2/',0)',p(y,P)]e((y',0)',n(y,P)]) 

= ( ((y',O)',p(y,P)])0( (-l).((y',0)',n(y,F)]). 

Let Fi, F2, . . . , Fg be all the positive facets of P and Fe+i, . . . ,Fk be all the 
negative facets. Then it's clear that 7r(Fi) U tt{F2) U • • • U 7r(P^) and 7r(P£+i) U • • • U 
7r(Ffc) both give a decomposition of 7r(P). Therefore by Lemma 2.5/(v), we have 
that n{7T{P)) = ef^, niniF,)) = e^tf+i ^(AFj))- Hence, 

£ 

{{y',Oy,p{y,P)] = 00 {{y\oy,p{y,P)] 

yen{niP)) i=l yeniTv{Fi)) 



= 0p+(l](7r(P,)),conv(F„^(FO))- 



Similarly, we will have 



k 



(-l).((2/',0)',n(2/,P)]= (-l)p+(17WF,)),conv(F„^(F,))). 

yGn(7r(P)) 3=1+1 

Thus, by putting them together, we get 

^iP)= sign(F)p+(17(^(F)),conv(P,7r(P))). 

F : a facet of P 



□ 



In the last proposition, we used a new notation conv(F, 7r(F)) to denote certain 
polytopes. For polytopes that can be written in this way, we have the following 
lemma: 
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Lemma 2.7. Let H be a hyperplane in M.'^, and let Si, S2 be two convex polytopes 
such that Si C S2 C H and the last coordinates of all of their points are nonnegative. 
Then for any y e 7r(S'i), conv(S'i, 7r(5i))) = conv(S'2, 77(52))). 

Proof. Trivial. □ 

After discussing some properties of nice polytopes with respect to tt, we come 
back to the dilated cyclic polytopes which are our main interest and show that they 
are nice: 

Lemma 2.8. mCd{T) is a nice polytope with respect to n. 

Proof. We already argued that mCd{T) satisfies the second condition to be nice. 
So it's left to check that \p{y, Cd{T))\ = 1 for any y G dCd-i{T). 

Let y = (yi, ?/2, . • . , 2/d-i)' and suppose ?/ is on a facet F of mCd-i(T) and 
without loss of generality, let miyd-i{ti),miyd~i{t2)-, ■ ■ ■ ,''nh'd-i{td-i) be the d — 1 
vertices of F. Then there exist Ai, . . . , A^-i G M>o such that y = Aj?Tii'rf_i(tj) 
and J2jZl Aj = 1. 

Let X G TT^^{y)rimCd{T). There exist A'^, . . . , AJ^ G M>o such that x = J2^=i '^'j^^d{tj) 
and X]j=i -^j ~ 1- Then y = Tr{x) = J2j=i ^'jmud-iitj). Since y is on the facet F, 
Aj = unless I < j < d — 1. Thus y ~ J2j=i ^'j''^'^d-i{tj) and ^'j ~ 1- 

Therefore Aj = A^ , 1 < j < c? — 1. Hence x = ^j^i-'^d{tj) is the only point in 

TT-\y)nmCd{T). a 

We know that for any cyclic polytope Cd{T) with n = \T\ > c? + 1, we can 
decompose it into n~ d cyclic polytopes Pi U • • • U Pn-d, which is a triangulation of 
Cd{T) and where P^'s are all defined by ((i+l)-element integer sets. Therefore by the 
fourth property in Lemma 2.5, we have that C{Vl{Cd{T))) = ^JiZi ^{^(.Pi))- Thus 
\C{n{P))\ = \'^{^{P^))\■ Note that we also have Vol(Cd(T)) = YJ",!^ Wo\{Pi) . 
We conclude that to prove Proposition 2.2, it is enough to prove the following: 

Theorem 2.9. For any integer sets T with n = |r| = d + 1, \o\{mCd{T)) = 
\C{n{mCd{T)))\. 

Definition 2.10. A map : R'' — >■ R'' is structure perserving if it preserves volume 
and it commutes with the following operations: 

(i) £ : taking lattice points of a region R CM.'^; 

(ii) conv : taking the convex hull of a collection of points; 

(iii) f2 : taking the nonnegative part of a convex polytope; 

(iv) PB : taking the positive boundary of a convex polytope; 

(v) NB : taking the negative boundary of a convex polytope. 

Remark 2.11. Here ip commuting with conv implies (or is equivalent to) that for 
any set of points xi, . . . ,Xk G R'', and for any Ai, . . . , A^ G R-° with ^^^i Xi = 1, 
'P(Yi=i ^i^i) = X^iLi XiT{xi). Therefore ip is an affine transformation, which can 
be defined by a d x d matrix A and a vector u £ : T{x) = Ax + u. Moreover, 
tp commuting with PB and NB implies that ip preserves the positive facets and 
negative facets of a convex polytope. 

Lemma 2.12. Let A be a d x d integral lower triangular matrix with 1 's on its 
diagonal, and u be an integral vector in R''. Then ip : x 1-^ Ax + u gives a map 
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which is structure preserving, and so does ip ^. Therefore, ip is a bijection from Z'' 
to Z'K Hence, for any subset S G R'^, \C{S)\ = \C{(p{S))\. 

Moreover, for any y G M''^"'^, if we define (p{y) ~ Ay + u, where A is the right 
upper (d—l) X {d—1) matrix of A and u = 7r(u), then f{P)) ~ ip{p~^{y, P)), 

for any polytope P. 

Proof. The determinant of A is 1, hence (p is volume preserving. It's easy to check 
that ip commutes with £ and conv. To show that ip commutes with H, PB and NB, 
it sufhces to show that for all xi,X2 G K'' with Tr{xi) = Tr{x2) and l{xi) > l{x2), 
then 'K{ip){xi)) ~ ■7t{(p{x2)) and l{ip{xi)) > l[p[x2))- This is not hard to check using 
the fact that ^ is a lower triangular matrix with I's on its diagonal. Hence, p is 
structure preserving. 

Note that ip~^ maps x to A^^x — A^^u. But wc know that A^^ is also an integral 
lower triangular matrix with I's on its diagonal and —A^^u is an integral vector. 
So Lp~^ is structure preserving as well. 

It's clear that (p ~ it o ip ot:~^ , which implies that tt^^ o(p ^ ipon~^. So wc have 

X G ipip+ {y, P)) ^ ip-\x) G p+ (y, P) =7r-\y)nP 

<^xe (p{7T~\y)) n ip{P) = TT-^piy)) n (p{P) ^ x g p+((^(y), 'p{p)). 

□ 



Now for any real numbers ri , r2 , 
matrices 



0, 



rd, we consider the d x d lower triangular 



i < j 



and 



Sri,...,rji, j) 



1, 

0, 

(-1)'-Je,_,(ri, 



<i2< - <ifc ''H^i2 



i ^ jlki < d 
■■,n), 3^i = d 

is the fcth elementary symmetric 



where efc(ri, . . . , n) = 
function in ri , . . . , r; . 

For simplicity, we allow a map originally defined on to work in higher dimen- 
sion, by applying the map to the first d coordinates. Then it's not hard to see that 

^ri,...,7-rf = ^ri,...,rjj_i-Bri,....7.^ = Bj-i , . . ..r^^ri ,. . ..r^^ i • 

We also define vectors 



-ri 
rir2 

-rir2rz 



\ 



( 



\ (-l)%r2...rrf ) 



-ei(ri) 
e2{ri,r2) 
~e3(ri,r2,r3) 



V (-l)^ed(ri,r2,...,rrf) / 



and 



\ (-l)Sr-2...rd / 



V (-l)^ed(ri,r2,...,rd) / 
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Similarly, we allow the addition operation between two vectors of different dimen- 
sions by adding the lower dimension one to the first corresponding coordinates of 
the higher one. Thus, Wri,....rd = Ur^^....r^_i +Wri,....rd- 

Now we define maps ipri....,ra ■ ^ ^ Ari,...,raX + Wri,....rd and 4'ri,....ra ■ ^ ^ 

Bri,...,raX -\- Vri,....rci - Unlike </5ri....,rdi 4'ri....,ra docs not depend on the order of r^'s. 
In other words, for any permutation cr €E Sd, 4'ri,...,rd = 4'r„^if,...,r„^ci}- 

Note that 4>ri,....rd o'^ly changes the dth coordinate of a vector, so we have the 
following lemma: 



Lemma 2.13. (pri,....ra 



Remark 2.14. When we consider 
we have 

( O 

\t' J 



V'ri,...,ra-i ° 'Pri,...,ra- 

, and d 



ri,...,rd operating on moment curve. 



(t-n) 



Mt))=Br 



( i\ 



( 



ri)it-r2) 



t 



■{t-Td) J 
\ 



ri){t - r2) ■ ■ ■ [t - Td) J 
^...^Td E^J^d their inverse maps 



Remark 2.15. When ri, . . . , are integers, <^ri,...,rd, ' 
are structure preserving by Lemma 2.12. 

Now by using (p's (or (p's), we are able to determine the sign of the facets of 
dilated cyclic polytopes: 

Proposition 2.16. Let P = mCd{T), where m G N and T = {ti,t2, . . . ,tn}< an 
integral ordered set. Let F be a facet of P determined by vertices i/diti-^), Vd{ti2), . . . , i^diUd)- 
Let k be the smallest element of the set {1, 2, . . . , 71} \ {ii, . . . , id}, then sign(F) = 
(— 1)''"'^. In particular, when \T\ = n = d + 1, let Fk be the facet of P determined 
by all the vertices of P except Vd{ti^), then for k £ [d], sign(i^fc) = sign((Tfc), where 
cTk = ik,k + 1, - ■ ■ ,d) e Sd and sign(Fd+i) = -1. 

Proof. We first consider the case when m = 1, i.e. P is a cyclic polytope. Without 
loss of generality, we assume that ii < 12 < • • • < id- Consider the polytope 
Q — 4'ti^,...,ti^ {P)- For J = 1, 2, . . . , n, the last coordinate of the vertex of Q which 
mapped from Vd{tj) is l{4'u^,...,u^ivditj))) = {tj - ttj{tj - ti^) ■ ■ ■ {t.j - tij. Hence 
the last coordinates of the vertices of (fiti^ ,---,ti^ {F) are all O's. So (jii^^ ,...,ti^ {F) is on 
the hyperplane obtained by setting the last coordinate to 0. Since k is the smallest 
element not in {ii, . . . , id}, ii = 1, 12 = 2, . . . , ik-i = fc — 1, ife > k. So tk — ti^ > 
when I = 1, 2, . . . , fc — 1; and t^ — t^ < when I — k,k + 1, . . . ,d. Therefore 
sign{l{(j)t^_^^...^ti^{'^d{tk))) = (—1)''^'^+"'^. By using Gale's evenness condition [2], it's 
not hard to see that sigii{l{(j}t^^^...^ti^ivd(ti))) = (—1)''"'^+^, for aU I ^ {ii, . . . ,id}. 
Thus we can conclude that l{4>ti-^,....ti (P)) is nonnegative if c? — fc is odd, and is 
nonpositive ii d — k is even. Hence t/)*;^ ,---,tid (P) P negative facets if d — fc 
is odd, and positive facets if d — fc is even. So sign(P) = (—I)''"*'. For n = d + 1, 
it's easy to see that sign(cT/c) — (—1)'*^'^ = sign(Ffe). 
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For m > 1, we just need consider the map x -Bt-^^,...,* -^x + rnvti^....,ti^ instead 
of 4>ti ,...,ti , and then we wiU have similar results. 

□ 



Lemma 2.17. For all d G R^, for all si, . . . , Sd € N, let xq = 1 and Psi,...^sd = 
{{xi,...,Xd) e M"* I V^ e [d] : < X, < Rs,,...,Sd = ^{Psu...,sj- Then 

Rsi,...,sd ^ Psi,...,sd(^{xd > 0} andfor alld > 2 : Rsi,...,sd = -Psi,...,sJ- 
Moreover, the vertices of Ps^^...^sd '^''^ 











V y 



/ Sl \ 





V ) 



( 



S1S2S3 



V S1S2 • • • Sd / 



and the 'positive boundary of Pg^ Sd *s just the convex hull of the first d—1 vertices 

and the last one. Note the first d ~ 1 vertices span a [d ~ 2) -dimensional space 
{(xi, . . . ,Xd)' I Xd = Xd-i = 0}. Hence PB{Psj^_...^sd) ^s in the hyperplane spanned 
by this {d — 2) -dimensional space and the last vertex. 

Proof. The first result is immediate by considering the definition of f2. 



We have i?. 



Sd-i C Psi,...,Sd^n so 



P^{Rs,.....Sd-^,Ps,.....Sd)Cp+{Ps„ 



P 



Sd)=P^iAPsu-.Sd),Psi....,Sd) 



^{Psi. 



But for Vx = (xi,...,Xd) G Rsi,...,sd7 '^^ have that x^ > which implies that 
SdXd-i > 0, so Xd-i > 0. Therefore 7r(x) £ Rsi,...,.id-i- Thus, x £ /9+(i?si,...,Sd_i, -Psi,...,sd)- 



Now we can conclude that i?. 



P iRsi,...,Sd-n Psi,.. 



□ 



Theorem 2.18. Let d G N and T = {ti, t2, . . . , td+i}<: be an integral ordered set, 
then 

niCdiT)) = sign(a)^r„^^>...,*„<„(i?*.+.-*„a,^-.*..i-*.(.))- 
ceSd 

Proof. We proceed by induction on d. When d ~ 1, Cd{T) is just the interval 
[^1, ^2]- Then the only element ct £ 5i is the identity map. Rt^-ti = (0, t2 — ti]. And 
tpti : X ^ X - ti, so v?^-^ : X 1-^ X + ti. Thus i^^^^((0,t2 - ^i]) = (^1,^2] = ^^([^1,^2])- 
Now we assume the theorem is true for dimensions less than d, and we will prove 
the case of dimension (i(> 2). Let P = (^ij^....t^(Cd(r)), and let = 4'ti,....td{'^d{ti)),i S 

Vd~l{ti) 



[d+ 1] , be the vertices of P. Then for i G [d] , Vi 







and for i 



1, 



Vd+l = 



'^d-l{td+l) 

Utiitd+1-u)) 



Since Y[i=ii^d+i — ij)) > 0, the last coordinates of 



all the points in P are nonnegative. By Proposition 2.6, we have that 

^(P)= sign(^^)p+(r!(^(F)),conv(F,7r(^^))). 
F: a facet of p 
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As in Proposition 2.16, we let Fk be the facet of CdiT) determined by all the 
vertices of Cd{T) except Vd{ti^), then 

For k = d + \, F = 4>ti,...,ta{Pd+i) = conv({ui}f^j^) is on the hyperplanc Hq = 
{{xi,...,XdY e K'' I Xd = 0}. Soconv(i^,7r(i^))isjust/'. Thusp+(f7(7r(f')),conv(/',7r(/'))) 
is an empty set. 

And for k S [d], by Proposition 2.16, sign(i^fc) = sign(crfc), where <Tk ~ {k,k + 
,d) e Sd. Let Tfc = T \ {i^}, then 7r(0t,,...,t,(^^fc)) = ^(F^) = Cd-i{Tk), 
because 4)ti,...,td just changes the last coordinates. It's easy to see that 

conv((/)ti,...,t^(Ffc),7r(0t,,...^t^(Ffc))) = conv({u,},,^fc U {v'd+i])-, 

where v'^_^^ — ^ '^'^ i(^^d+i) ~j ^y^q projection of Vd+i to the hyperplanc Hq. 
Hence, 

n{P) = signK)p+(r!(Q_i(Tfe)),conv({«,},;^,. UK+J)). 

fcG[d] 

For any k £ [d], = {i<x^(i), ^^^^(2) , • ■ • , ^^^(d-i), td+i}<- By the induction 
hypothesis, we have that 

n{Cd-i{Tk)) = sign(T)^4-i^^^^^^^...^,^^^^^^_^jj(i?t,^,_t^^(^(^„,...,t,^,_t^^(^(,_^„). 
So, 

signK)^,-!...,t.(^^(C^d-i(Tfe))) 
= signK)sign(T)^,-/^^^^^^^_..._,^^^^^^_^^^(i?t,^,_t^^,^,,„,...,t,^,_t^^,^,,„,„) 

sign((7)^j-i^j_..._j^^^_^,(i?t,+,_t„,,,,...,t,^,_t^,,_,,). (leta = afcT) 

(j£Sd:ij{d)=k 

Let iJfc be the hyperplanc determined by (l)ti,...,ta{Fk), and = {x G iJfc | /(cc) > 
0}. We claim that for all a & Sd with a{d) = k, we have 

</'t„"|i,,...,t<,(d_i) (-P^(-Ptd+i-t<T(i),---,td+i-t„(d-i),td+i-ta(d))) ^ ^fe"- 

Given this, wc can pick a convex polytopc Sk C -fffc, such that 

a) The last coordinates of the points in 5*^ arc nonncgative; 

b) Sk contains (-PB(-Ptd+i-t„(i),...,td+i-t<,(d-i),td+i-t,.(d))). for aU 
cr € Sd with a{d) = k; 

c) 5'fc contains 0ti,...,td(-F'fc)- 
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Hence, by Lemma 2.7 

n{Cd{T)) 
= (^^(P)) 

= sign(afc)0,-!...,t,(p+(^^(Cd-i(T,)),coiiv({«,},^fe U {v',+,m 

ke[d] 

= signK)</>r,i...,^(p+(f}(Q-i(T,)),conv(5fc,7r(^fe)))) 

fcG[d] 



= sign(crfc)(/)t^|...^tJp+( sign(T)^J 



fce[d] 



conv(5fe,^(5fc)))) 
sign(a)0,-:...,.(p+(< 



(l),---.I<T(d-l) 



(-Rid+1— to-(l) ,...,td + l— icr(d-l) y 



'^t^(l) ,...,t„(^_l) (^td+1 — tcr(l) ,---,td+l — t<T(d~l) ,td+l— *<T(d) ))) 



d+1 — I<t(1) .■■■i*d + l— tcr(d-l) 



0«ignMC!....*d<„....*.(d-.,(^^(^* 

p 

^ td+l — t<T(l) ,---i*d + l— *cr(d-l) itd + 1— *cr{d) 

'^^g■'^i'^)'Pt„\l-),...,t„^J,JiRta+l-t„^^),....ta+l-t^^a-l),td+l-t^^d)) 



)) 



Thus the claim imphcs the theorem. 

Showing the claim is equivalent to showing that 



+ 1 ~I<t(1) J-'-^Id + l— tcrfd-l) ^Id + l— tcr(d) 



(1) ^■■■jtcr(d-l) \ fc 



and its inverse only work on the first d — 1 coordinates of any 
{H+) is just ,,(iJfc)n{x gR^ I l{x) > 



Both (ft, 

point in R'^. Thus y^t^ 

0}. But it's clear that PB{Pt,^^^t^^^^^,„,td+,^t^^d-^^,td+,^t^^d)) is in e M'' | l{x) > 
0}. So it's enough to show that 

-^^(^td+l-t^(l) ,---,td+l— tCT(d-l) ,*d+l— (^(d) ) 'i^*<t(1) ,---,*CT(d-l) i-^k)- 

By Lemma 2.f 7, PB(Pt^_^i_t^(^),...,t^_^i_t^(^_^),t^_^i_t^(^j ) lies in the hyperplane H 

( td+i - tff(i) 

{td+l - ta{l)){td+l - ta{2)) 

which is spanned by {(xi, . . . , Xd)' | Xd — Xd-i — 0} and 



\ (td+l ~ ta{l))itd+l — ta{2)) ■ ■ ■ {td+1 - t^(^d)) ) 

So we need show that 'ft„^^^,...,t„^d-i) i-^k) = H- Since Hk is the hyperplane contain- 
ing 4>ti,...,td i-Pk), it's enough to show that Vt<,(i) ,...,t„(d-i) {'Pti,...,td (Fk)) (Fk) 
is contained in H. However, = conv{i'd{Tk))- Meanwhile, by remark 2.14, we have 



ft. 



(l),---,I<T(d) 



Ud)i'^d{t)) = 



\ {t - ta{l)){t - ta{2)) ■ ■ ■ {t - ta{d)) j 
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Since (7{d) = k, for any i G [d]^i 7^ fc, ^t„^l-^,....t„^J^■^{^'d{ti)) has the last two coor- 
dinates equal to 0. And for i = d + \, ^t„^i),....t„(^-,{i^d{td+i)) is exactly the last 
vertex of Pta^^_t„^l),...,u+l-t^^d-l)M+l-t^^d)y which completes the proof the claim 
and hence the theorem. 

□ 

Remark 2.19. If we define </9m,ri,...,r<j '■ x ^ Ar-^^...^raX + murj^^...^ra, then similarly 
we can prove that 

n{mCd{T)) = sign(cr)^-|4_^^^j_..._t_^^_^j(mi?t^+,_t^(^j,...,t^^,_t^,^,). 
Corollary 2.20. 

C{n{mCd{T))) = sign(a)£(^-i,^^^^,...,,^^^^(mi?i,^,_i^,,,,...,i,^,_t^,,,)). 
Hence, 

It's easy to see that mRs^^...^sd — Rmsi.s2....,sd- Moreover, 

Xi — 1X2 — 1 — 1 

Therefore, it's natural to look at the following: 

Lemma 2.21. For any nonnegative integers ai, ■ ■ ■ , cin^ 

/i(ai,a2,...,a„) = ^ ^ ... ^ 1. 

2;i — 1 2;2 — 1 — 1 

T/ien t/ie onZy highest degree term of h is ^a'^a^^^d'^^'^ . . .a^- This is also true 
when we consider h as a polynomial just in the variable ai. 

Proof of Lemma 2.21: We will prove it by induction on n. 
When n = 1, h{ai) = X]xi=i 1 = '^^i- Thus the lemma holds. 

Assume the lemma is true for ti, and note that /i(ai, a2, . . . , On+i) = Yl"i\=i h{a2Xi, 03, ... , a„+i). 
By assumption, Og"^ . . . a„+ix" is the only highest degree term of h{a2Xi, 03, ... , a„+i) 
when we consider it as polynomial both in y = 02X1, 03, ... , Qn+i and in y. This im- 
plies that ^0203"^ . . . ttn+iXi is the only highest degree term of h{a2Xi, as, ... , a„_|_i) 
when we consider it both in 02, a3, . . . , a„+i and in xi. Then our lemma immediately 
follows from the fact that the highest degree term of Ylx\=i -^i TITT'^i^^- 

□ 

Proposition 2.22. For any nonnegative integers ai, 02, . . . , On, let ?im(ai, 0,2, . . . , On) = 
J2aes„ sign(cr)ft.(ma^(i),a^(2) . . . ,a<^(„)). Then 

Hm(ai, a2, . . . , a„) = — j" 11 II 

i—l l<z<j<n 



12 



FU LIU 



Proof of Proposition 2. 22: 

Clearly if any of a^'s is 0, then Hm{ai, ■ ■ ■ , a„) = 0. Also for 1 < i < j < n, Tim 
changes sign when we switch a; and aj, i.e., 

( • . . 7 fiz 7 . . . 5 Q-j 7 . . . ) — '7^771 ( ... 7 (^j ^ • ■ • ^ Oi ^ . . . ^ . 

Therefore, Wm(ai, . . . , a„) must be a multiple of 

n 

i—l l<i<j<n 

which has degree ^n{n + 1). 

So now it's enough to show that Hm{ai, . . . ,a„) is of degree ^n{n + 1) and 
the coefficient of aid^~^a^~^ ■ ■ - On in 7im(ai, . . . , a„) is which follows from 
Lemma 2.21. □ 

Proof of Theorem 2.9: By Corollary 2.20, 

\C{Sl{mCa{T)))\ = ^ sign((7)|/:(TOi?t,^,_t„,,„....t,^,_*^,,,)| 

= 'Hm{td+l — tcr{l),td+l — ta(2), ■ ■ ■ , td+1 — ta{d)) 
d 

i=l l<i<j<d 
l<i<j<d+l 



□ 

As we argued earlier in our paper, the proof of Theorem 2.9 completes the proof 
of Proposition 2.2 and thus proof of our main Theorem 1.2. 



3. Examples and Question 

In this section, we are going to show some examples to make some of the state- 
ments or their proofs in the last section more clear. We will use the cyclic polytope 
P = Cd{T), where d = 3,T = {1,2,3,4} throughout this section. Let Vk = i^dik) 
be the ith vertex of P and Fk = conv({wi, W2, fa, 1^4} \ Wfc)• 
Example3.1. According to Proposition 2.16, sign(i^i) = sign((l, 2, 3)) = l,sign(F2) = 
sign((2,3)) = -l,sign(F3) = sign((3)) = 1 and sign(F4) = -1. So Fi and F3 are 
positive facets while F2 and F4 are negative facets. ft{P) = P \ {F2 U F4). 

Example 3.2 (Example of Structure Preserving map). 

I \ / \ / t 

1 X+ ,SO0i.2,3(i^3(t)) = 

II -6 1 / \ -6 / \ (t-l)(i-2)(<-3) 
In particular, (/)i,2.3(wi) = (1, 1, 0)', (/)i.2,3(w2) = (2, 4, 0)', 01,2,3(^^3) = (3,9,0)', and 
0i,2,3(w4) = (4, 16, 6)'. Therefore, 0i,2,3(P) = conv((l, 1, 0)', (2, 4, 0)', (3, 9, 0)', (4, 16, 6)'). 
Because ^1,2,3 is structure preserving, sign(Fj^) = sign(Jfc), where = 4>i.2,3{Fk)- 



^1,2,3 
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Example 3.3. 4>i,2,3{P) is a polytope that satisfies the hypothesis in the Proposi- 
tion 2.6, so we should have 

f^(0i,2,3(P)) = sign(F;^)p+(17(7r(i^^)),conv(i^^,^(F;^))). 

ke[4] 

Now we check it: 

conv(F^,7r(F^)) = conv((f , f , 0)', (2, 4, 0)', (3, 9, 0)')- It's just a triangle in the 
hyperplane Hq = {{xi,X2,X3y \ X3 = 0}. Therefore, 

p+(r!(7r(^^^)),conv(F^,^(F^))) = 0. 

iriFl) = conv((2,4)', (3,9)', (4, 16)') = C2(2,3,4) is a triangle, whose positive 
facet is conv(z^2(2), J^2(4)) and negative facets are conv(z^2(2), 1^2 (3)) and conv(i^2(3), 1^2(4)). 
Hence, 

n{7r{Fl)) = C2(2, 3, 4) \ (conv(i.2(2), 1^2(8)) U conv(zy2(3), J^2(4))), 

conv(^^{, 7r(^^0) = conv((2, 4, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)'). 
Therefore, 

p+{ni7riFi)),conviFin{Fi))) 
= f}(conv((2, 4, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)')) G f2(conv((3, 9, 0)', (4, 16, 0)', (4, 16, 6)')). 

Similarly, 

p+(f^(^(F^)),conv(i^^,7r(i^^))) 
= f}(conv((l, 2, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)')) G n(conv((3, 9, 0)', (4, 16, 0)', (4, 16, 6)')). 

And 

p+(f^(^(F^)),conv(i^^,7r(i^^))) 
= f}(conv((l, 2, 0)', (2, 4, 0)', (4, 16, 0)', (4, 16, 6)')) G fi(conv((2, 4, 0)', (4, 16, 0)', (4, 16, 6)')). 

Thus, 

sign(F;:)p+(f^(^(F^)),conv(^^^,^(F;^))) = sign(^l,)p+(17(7r(i^O), conv(i^^, ^(F^))) 

fee [4] fee [3] 

= f}(conv((2, 4, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)')) G r!(conv((3, 9, 0)', (4, 16, 0)', (4, 16, 6)')) 

Q(f7(conv((l, 2, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)')) G 0(conv((3, 9, 0)', (4, 16, 0)', (4, 16, 6)'))) 

G(r!(conv((l, 2, 0)', (2, 4, 0)', (4, 16, 0)', (4, 16, 6)')) G r!(conv((2, 4, 0)', (4, 16, 0)', (4, 16, 6)'))) 
= f}(conv((l, 2, 0)', (2, 4, 0)', (4, 16, 0)', (4, 16, 6)')) G r!(conv((2, 4, 0)', (4, 16, 0)', (4, 16, 6)')) 

©fi(conv((2, 4, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)')) G l)(conv((l, 2, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)')) 
= f](conv((l, 2, 0)', (2, 4, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)')) 

Gl^(conv((l, 2, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)')) 

This agrees with Propostion 2.6. 

We will illustrate explicitly how we get the formula in Theorem 2.18 for P = 
6*3(1, 2, 3, 4) in the next example: 
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Example 3.4. Acoording to Propostion 2.6 or Example 3.3, we have: 
l^(0i,2,3(P)) = e,e[3] sign(F^)p+(r!(7r(^^^)),conv(^^^,^(F^))) 
^ ^(P) = ®kem sign(F^)</>ri,3P+(f^(^(^^D),conv(F^,^(F^))). 

0^2 3P+(^^(^(^i')), conv(Fi', ^(Fi'))) - (/.^i 3(17(conv((2, 4, 0)', (3, 9, 0)', (4, 16, 0)', (4, 16, 6)'))e 
fl(conv((3, 9, 0)', (4, 16, 0)', (4, 16, 6)'))) = f^(conv((2, 4, 8)', (3, 9, 27)', (4, 16, 58)', (4, 16, 64)'))e 
^l(conv((3, 9, 27)', (4, 16, 58)', (4, 16, 64)')). 

/ 1 \ / -2 \ / {t-2) 

^2,3,1 : a: ^ -5 1 .T+ 6 , so ^1,2,3(^^3 W) = (t-2)(<-3) 

V 11 -6 1 / V -6 / _ V it-m-2)it-3) 

And ¥'3,2,1(2;) is just (p2.3,i{x) - (1,0,0)'. Hence, <^2,3,i(¥':ri,i(2;)) = a; + (1,0,0)'. 
Therefore, 

<^2.3,l(0^,2,3P+(^^(^(F^)),conv(F^,^(FO))) 

= f}(conv((0, 0, 0)', (1, 0, 0)', (2, 2, 0)', (2, 2, 6)')) e 17(conv((l, 0, 0)', (2, 2, 0)', (2, 2, 6)')) 

= f}(conv((0, 0, 0)', (2, 0, 0)', (2, 2, 0)', (2, 2, 6)')) e 17(conv((l, 0, 0)', (2, 0, 0)', (2, 2, 0)', (2, 2, 6)')) 

= i?2.i,3 e ^2.3,i(¥'3:2,i(f^(coiiv((0, 0, 0)', (1, 0, 0)', (1, 2, 0)', (1, 2, 6)')))) 

= i?2.1,3 © </52,3,l(¥'3'i,l(-Rl.2,3)) 

Thus, 

C2.3P^(^('r(^^l)),COnv(i^{,7r(^^l'))) = <^2:3,l(^4-2,4-3,4-l) e(^^L(^4-3,4-2.4-l). 

We win have similar results for F2 and F3. Therefore, 

^(P) = sign(a)^4-(i),t,(„,t„(3)(^*4-t.(i),t4-t„(2,.t4-t.(3)). 

which agrees to the Theorem 2.18. 

Now we will use Theorem 1.2 to calculate i(C3(l, 2, 3, 4), to) : 

Example 3.5. According to Theorem 1.2 

3 

i(C3(T),m) = ^VoU.(Cfc(r))TO^ 

fc=0 

C3(r) itself is a simplex, so 

Voi3(C3(r)) = I n (j-0 = 2. 

l<i<i<4 

6*2(7) can be decomposed into simplices C2(l,2,3) and 6*2(1,3,4), thus 

Vol2(C2(r))=Vol2(C2(l,2,3))+Vol2(C2(l,3,4)) = i[(2-l)(3-l)(3-2)+(3-l)(4-l)(4-3)] = 4. 

Ci{T) is just an interval [1,4], so Voli(Ci(r)) =4-1 = 3. 
Therefore, ^(63(1, 2, 3, 4), to) = 2™^ + 4m2 + 3?r! + 1. 

Since our theorem gives a nice form of Ehrhart polynomials of cyclic polytopes, 
it's natural to ask the following: 

Question 3.6. Are there other integral polytopes which have the same form of 
Ehrhart polynomials as cyclic polytopes? In other words, what kind of integral 
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d-polytopes P are there whose Ehrhart polynomials will be in the form of the 
following? 

d 

i{P,m) = Yo\{mP) +i{n{P),m) = ^ Volfe(7r('=) (P))m'=, 

k=0 

where is the map which ignores the last k coordinates of a point. 

Acknowledgements. I would like to thank Richard Stanley for showing mc the 
conjecture in [1]. 
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